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recombination rate is larger than the expansion rate of
the Universe. The DR eventually decouples from the
atomic DM and begin to free-stream across the Universe.
We note that the order and the dynamics of the di↵er-
ent important transitions of the dark plasma (recombina-
tion, onset of DR free-streaming, atomic DM drag epoch,
DM thermal decoupling, etc.) can be very di↵erent than
in the standard baryonic case. We refer the reader to
Ref. [47] for more details.

To retain generality and emphasize that the PIDM sce-
nario we are considering is quite general, we shall refer
to the massless U(1)D “dark photons” simply as DR. For
simplicity, we also denote the lightest fermion as “dark
electron” (massme) while the heaviest fermion is referred
to as “dark proton” (mass mp). We assume that these
two oppositely-charged components come in equal num-
ber such that the dark sector is overall neutral under the
U(1)D interaction. This model is characterized by five
parameters which are the mass of the dark atoms mD,
the dark fine-structure constant ↵D, the binding energy
of the dark atoms BD, the present-day ratio of the DR
temperature (TD) to the cosmic microwave background
temperature ⇠ ⌘ (TD/TCMB)|z=0, and the fraction of the
overall DM density contained in interacting DM (here,
dark atoms), fint ⌘ ⇢int/⇢DM, where ⇢DM = ⇢int + ⇢CDM

and where ⇢int is the energy density of the interacting DM
component. These parameters are subject to the consis-
tency condition mD/BD � 8/↵2

D � 1, which ensures that
the relationship me + mp � BD = mD is satisfied. We
note that if the visible and dark sectors were coupled
above the electroweak scale, we naturally expect ⇠ ⇠ 0.5
[66]. A smaller value would either require new degrees of
freedom in the visible sector or that the two sectors were
never in thermal equilibrium in the first place.

The evolution of the dark plasma is largely governed
by the opacity ⌧

�1

D of the medium to DR. For the model
we considered, the main contributions1 to this opacity
are Compton scatterings of DR o↵ charged dark fermions
and Rayleigh scatterings o↵ neutral dark atoms, that is,
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Here, �T,D ⌘ 8⇡↵2

D/(3m2
e) is the dark Thomson cross

section, a is the scale factor describing the expansion

1
In this work, we neglect the small contribution to the opacity

from photoionization processes.

of the Universe, xD is the ionized fraction of the dark
plasma, nADM is the number density of dark atoms, �R

is the Rayleigh scattering cross section, and where the an-
gular bracket denotes thermal averaging. We note that
the second line of Eq. (3) is only valid if TD < BD. It
is out of the scope of this paper to discuss in detail the
evolution of the ionized fraction and of the DM temper-
ature. We refer the reader to Ref. [47] for a thorough
investigation of dark atom recombination and thermal
history.

B. ⇠ vs �Ne↵

We note that, as far as the background cosmological ex-

pansion is concerned, varying the temperature of the DR
in PIDM models is equivalent to changing the e↵ective
number of relativistic species (commonly parametrized in
the literature by �Ne↵) in ⇤CDM models according to
the correspondence

�Ne↵ $ 8
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However, since the DR described by our parameter ⇠ af-
fects the evolution of cosmological fluctuations in a di↵er-
ent way than the neutrino-like relativistic species usually
parametrized by �Ne↵ (because our DR couples to DM
and is not always free-streaming), we emphasize that one
cannot blindly translate the known constraints on �Ne↵

from, say, Planck [71] to a bound on ⇠. In fact, as we dis-
cuss below, the bounds on ⇠ can be much more stringent
than the naive constraints one would obtain by translat-
ing the known limits on �Ne↵ using Eq. (4). Therefore,
we emphasize that the correspondence given in Eq. (4) is
only useful when comparing the cosmological expansion
history of PIDM models with that of standard ⇤CDM
models.

III. COSMOLOGICAL EVOLUTION

A. Dark Acoustic Oscillation Scale

Since a fraction of the DM forms a tightly-coupled
plasma in the early Universe, the evolution of cosmo-
logical fluctuations in the PIDM model departs signifi-
cantly from that of a standard ⇤CDM Universe. Indeed,
as Fourier modes enter the causal horizon, the DR pres-
sure provides a restoring force opposing the gravitational
growth of over densities, leading to the propagation of
dark acoustic oscillations (DAO) in the plasma. These
acoustic waves propagate until DR kinematically decou-
ples from the interacting DM component. Similar to the
baryon case, the scale corresponding to the sound hori-
zon of the dark plasma at kinetic decoupling remains im-
printed on the matter field at late times. This so-called
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in optical astronomy. We present here the mathematical
framework necessary to extract the substructure power
spectrum directly from pixel-based images. While our
general approach follows a similar philosophy to that
of Ref. [79], our computational technique di↵ers at sev-
eral levels, especially in our use of a mode function-
based approach. Importantly, we extend our power spec-
trum mathematical framework to include compact time-
varying sources such as quasars, hence opening substruc-
ture power spectrum measurements to a broader range
of gravitational lenses. Since the goal of this paper is
to present the framework necessary to extract measure-
ments of the substructure power spectrum from lensed
images and develop some intuition about their sensitivity
to this latter quantity, we focus here on simple paramet-
ric source and lens models.

Given the unique potential of this technique in prob-
ing sub-kiloparsec scales within galaxies at cosmological
distances from the Milky Way, we aim this paper at a
non-expert audience. As such, we carefully review the
di↵erent ingredients and assumptions entering our analy-
sis. Hasty or expert readers could directly skip to Sec. IV
for details about our method to extract the substructure
convergence power spectrum from images of gravitation-
ally lensed sources.

This paper is organized as follows. In Sec. II, we
review the mass decomposition of the lens galaxy into
macrolens and substructure, and then introduce the sub-
structure convergence power spectrum. In Sec. III, we re-
view the impact of mass substructure on observed images
of galaxy-scale gravitational lenses, focusing on extended
sources. In Sec. IV, we present the derivation of our like-
lihood for the substructure convergence power spectrum
in the case of extended lensed images. The numerical
implementation of this likelihood is discussed in Sec. V.
We present in Sec. VII analyses of mock images

Throughout this paper, we assume a Planck 2015 cos-
mology [83]. We also take the redshift of the source
to zsrc = 0.6 and that of the lens to be zlens = 0.25,
which results in a critical density for lensing ⌃crit =
5.998 ⇥ 1010

M�/arcsec2 = 3.686 ⇥ 109
M�/kpc2 in the

lens plane. A useful number to keep in mind is that for
these choices of cosmology and redshifts, 1 arcsec ⇡ 4
kpc in the lens plane.

⇠ ' 0.5 (1)

II. SMALL-SCALE STRUCTURE WITHIN LENS
GALAXIES

We begin this paper by reviewing the distinction be-
tween the so-called macro lens mass model and the small-
scale mass substructures contained within the lens galax-
ies or along the line of sight. We then review the relevant
statistical properties of mass substructures that are most
interesting from a gravitational lensing point of view.

A. Mass decomposition for galaxy-scale lenses

In this work, we specialize to to the case of galaxy-scale
strong gravitational lenses, in which multiple images of a
background source are generated. In general, the exact
structure of the gravitational potential �lens responsible
for the lensing is the result of the complex assembly his-
tory of the lens galaxy as well as its subsequent dynam-
ical evolution. In addition, structures along the line of
sight can also contribute to the richness of the projected
gravitational potential. Despite this apparent complex-
ity, many observed galaxy-scale gravitational lenses can
be reasonably fitted with relatively simple mass models,
such as isothermal ellipsoids.

A typical lens galaxy contains structure on a variety of
scales, with the larger scale features responsible for the
broad morphology of the observed lensed images, while
the small-scale structures (e.g. satellite galaxies, giant
molecular clouds, globular clusters, etc.) give rise to
small corrections to the lensed observables. This suggests
that we can decompose the projected mass density into
a dominant macro component 0(y) ⌘ hlens(y)i, where
the bracket h. . .i denotes ensemble averaging over con-
vergence configurations that lead to the observed lensed
images, and a small contribution sub parametrizing the
di↵erence between the actual projected mass distribution
and the mean-field approximation 0, that is,

lens(y) = 0(y) + sub(y). (2)

Note that we have absorbed the mean convergence in
substructures (denoted ̄sub) within 0 such that the
sub field as defined above has zero expectation value,
hsubi = 0. We note that in the absence of lensing time-
delay observations, stellar kinematic measurements, or
strong priors on the brightness and size of the source, it
is di�cult to constrain ̄sub due to the mass-sheet degen-
eracy [84]. We shall refer to 0 (and �0) as the macro
lens (or component) since it is responsible for determin-
ing the broad configuration of the lens. In general, it
contains the contributions from the smooth dark mat-
ter halo, the dominant baryonic structure (disk or oth-
erwise), and possibly from single massive subhalos sig-
nificantly a↵ecting the configuration of the lens (such as
those identified in Refs [68, 71, 73]).

On the other hand, the substructure convergence sub

(and its related lensing potential �sub) contains contri-
butions from the usual dark matter subhalos and satel-
lite galaxies orbiting the main lens galaxy, but also from
other astrophysical structures such as tidal streams, de-
bris, dense gas clouds, and globular clusters, as well as
from possible line-of-sight structures. The crucial point is
that the perturbations encoded in sub are subdominant1

1 By construction, if the sub perturbations were large, they would
lead to easily detectable e↵ects, implying that they should have
been absorbed in 0.

Natural value:
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where pDR is the incoming DR momentum. Assuming that the opacities are pure power laws of redshift [implying
xDR�DR(z) = x�(z) = 1], we schematically have

n
m�, {gi}, {hi}, ⇠

o
!

n
!DR, {an,↵l}, {bn,�l}, {dn,m�, ⇠}

o
! Plin., matter(k), (17)

where !DR ⌘ ⌦DRh
2, {gi} represents the set of coupling constants appearing in a given dark matter model, {hi} is

a set of other internal parameters such as mediator mass and number of internal degrees of freedom, and we remind
the reader that ⇠ = (TDR/TCMB)|z=0. With this latter definition, the physical DR energy density today is given
by !DR = (⌘DR/2)⇣⇠4⌦�h

2
' 1.235 ⇥ 10�5

⇣⌘DR⇠
4, where ⌦� is the energy density in photons today in unit of the

critical density of the Universe, and where ⇣ = 1 for bosonic DR and ⇣ = 7/8 for fermionic DR. Current temperature
and polarization measurements of the cosmic microwave background by the Planck satellite [82] constrain the energy
density in DR to be !DR < 2 ⇥ 10�6 at 95% confidence level.

From a practical perspective, the above e↵ective parametrization allows us to simplify the computation of the matter

power spectrum by directly passing the constant coe�cients
n
!DR, {an,↵l}, {bn,�l}, {dn,m�, ⇠}

o
to a Boltzmann

code, without having to hard code the functional form of the DM and DR opacities for each particle model. For
this purpose, we have modified the Boltzmann code CAMB [74] in order to pass to it the array of e↵ective ETHOS
parameters. This code is publicly available at https://bitbucket.org/franyancr/ethos_camb.

We emphasize that not all e↵ective parameters have a large impact on the matter power spectrum. For instance, the
subset {dn,m�, ⇠} is only used to determine the small DM adiabatic sound speed. Thus, these parameters have very
little impact on the actual structure of the linear matter power spectrum, except on very small scales. Similarly, the
subset {bn,�l} only directly a↵ects the evolution of the DR and will have a subleading e↵ect on the DM distribution.
We do note that parameters like the an, bn or dn can themselves implicitly depend on other physical parameters, such
as ⇠, but we use these coe�cients to characterize such dependence. We leave to future work the detailed study of the
impact of subdominant parameters on the matter power spectrum and focus here on the most relevant parametersn
!DR, {an ,↵l}

o
. We now illustrate this ETHOS mapping with some concrete examples.

1. DM-DR scattering via a massive mediator

We first consider a model where DM can interact with a massless sterile neutrino (⌫s) via a broken U(1) interaction
mediated by a massive vector boson �µ [33, 58, 83]. The interaction Lagrangian is given by

Lint = �g��µ�̄�
µ
� �

1

2
g⌫�µ⌫̄s�

µ
⌫s �

1

2
m

2
��µ�

µ
�

1

2
m��̄�, (18)

in addition to the standard kinetic terms. Here, we have ⌘� = ⌘⌫s = 2. The spin-summed matrix element for the
scattering ⌫s(p1) + �(p2) $ ⌫s(p3) + �(p4) is

1

⌘�⌘⌫s

X

spins

|M|
2 =

2g2�g
2
⌫

(m2
� � t)2

�
t
2 + 2st+ 2(m2

� � s)2
�
. (19)

We then evaluate the matrix element in the limit t = 2p21(µ̃ � 1) and s = m
2
� + 2m�p1,

0

@ 1

⌘�⌘⌫s

X

spins

|M|
2

1

A
�����t=2p2

1(µ̃�1)
s=m2

�+2p1m�

=
8g2�g

2
⌫⇣

m
2
� � 2p21(µ̃ � 1)

⌘2 p
2
1

�
m

2
�(1 + µ̃) + 2m�p1(µ̃ � 1) + p

2
1(µ̃ � 1)2

�

!
8g2�g

2
⌫

m
4
�

m
2
�p

2
1(1 + µ̃) for p1 ⌧ m� < m� (20)

where we have simplified the result for the case of nonrelativistic DM in the last line. We then obtain

A0(p1) =
8g2�g

2
⌫

m
4
�

m
2
�p

2
1, A1(p1) =

A0(p1)

3
, Al�2(p1) = 0, (21)

which immediately leads to
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2
. (22)
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Since TDR / (1 + z), we finally obtain

an3 = 0, a4 = (1 + zD)
4 3

2

⇡g
2
�g

2
⌫

m
4
�

⇢̃crit

m�

✓
310

441

◆
⇠
2
T

2
CMB,0 , an�5 = 0, (23)

where ⇢̃crit ⌘ ⇢crit/h
2

' 8.098 ⇥ 10�11eV4 is a constant independent of cosmological parameters. The current
temperature of the CMB is denoted by TCMB,0. We also have that x�(z) = 1. Thus, for this model the ETHOS
mapping takes the form

n
m�,m�, g�, g⌫ , ⇠, ⌘�, ⌘⌫s

o
!

n
!DR, a4,↵l�2 =

3

2

o
. (24)

2. Hidden-charged scalar DM

We now consider a complex scalar DM candidate charged under a new unbroken dark U(1) interaction mediated
by the gauge field Ãµ [42]. The interaction Lagrangian is given by

Lint = �(Dµ
�)†Dµ� � m

2
��

†
�, where Dµ = @µ � ig�Ãµ. (25)

Here, we have ⌘� = ⌘DR = 2. The spin-summed matrix element for the scattering �̃(p1) + �(p2) $ �̃(p3) + �(p4) is
[42]

1

⌘�⌘DR

X

spins

|M|
2 =

4g4�
⇥
(m2

� � s)4 + 2(m2
� � s)2st+ (m4

� + s
2)t2

⇤

(m2
� � s)2(s+ t � m2

�)
2

, (26)

which immediately leads to

0
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2

1
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�+2p1m�

=
2g4�

��
µ̃
2 + 1

�
m

2
� + 2

�
µ̃
2

� 1
�
m�p1 + 2(µ̃ � 1)2p21

�

(m� + (µ̃ � 1)p1)2
�! 2g4�(1 + µ̃

2), (27)

where we have taken the limit p1 ⌧ m�. The coe�cients of the Legendre expansion for the matrix element are then

A0(p1) =
8g4�
3

, A1(p1) = 0, A2(p1) =
4g4�
15

, Al�3(p1) = 0. (28)

Using Eqs. (4) and (9), the DR and DM drag opacities and the angular coe�cients are

̇DR�DM = �a
g
4
�

6⇡m2
�

n
(0)
� , ̇� =

4⇢DR

3⇢�
̇DR�DM, ↵2 =

9

10
, ↵l�3 = 1. (29)

The astute reader will recognize the above expressions as similar ones arise in the case of CMB photons scattering o↵
free electrons if polarization is neglected. The opacity coe�cients are then

a0 = 0, a1 = 0, a2 = (1 + zD)
2 g

4
�

6⇡m2
�

⇢̃crit

m�
, an�3 = 0, (30)

Here, the ETHOS mapping takes the form

n
m�, g�, ⇠, ⌘�, ⌘DR

o
!

⇢
!DR, a2,↵2 =

9

10
,↵l�3 = 1

�
. (31)

3. DM coupled to non-Abelian DR

Here, we focus on the scenario discussed in [62, 63] where DM is a Dirac fermion in the fundamental representation of
a dark SU(N)d gauge group. The non-Abelian gauge coupling gd is always assumed to be small such that confinement

• Example 1: Dark matter interacting with a  massless 
photon.

• Example 2: Dark matter interacting with a massless 
neutrino via a massive mediator.

…and many more!
Hofmann et al. 2001; Chen et al. 2001; Bœhm et al. 2002; Green et al. 2004; Bertschinger
2006; Bringmann & Hofmann 2007; van den Aarssen et al. 2012 and many more.
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DAO scale is given by

rDAO ⌘
Z ⌘D

0

cD(⌘)d⌘, (5)

where cD is the sound speed of the dark plasma, ⌘ is
the conformal time, and ⌘D denotes the conformal time
at the epoch at which atomic DM kinematically decou-
ples from the DR bath. The DAO scale is a key quan-
tity of cosmologically-interesting interacting DM mod-
els. Indeed, much like the free-streaming length of warm
DM models, the DAO scale divides the modes that are
strongly a↵ected by the DM interactions (through damp-
ing and oscillations) from those that behave mostly like
in the CDM paradigm. We note however that, in contrast
to warm DM models, the suppression of small-scale fluc-
tuations in the PIDM scenario is mostly due to acoustic
(also known as collisional) damping [47, 79], while resid-
ual free-streaming after kinematic decoupling can play a
minor role.

In the tight-coupling limit of the dark plasma, the

sound speed takes the form cD = 1/
q

3(1 +R
�1

D ), where

RD ⌘ 4⇢�̃/3⇢int. Here, ⇢�̃ stands for the the energy
density of the DR. In a matter-radiation Universe, the
integral of Eq. (5) can be performed analytically

rDAO =
4⇠2

p
⌦�

3H0

p
fint⌦DM⌦m

⇥ (6)

ln

p
�int

p
⌦r + ⌦maD +

p
⌦m + �intaDp

�int⌦r +
p
⌦m

�
,

where we have defined

�int ⌘
3fint⌦DM

4⇠4⌦�
, (7)

aD is the scale factor at the epoch of atomic DM kine-
matic decoupling, and H0 is the present-day Hubble con-
stant. ⌦� , ⌦r, and ⌦m stand for the energy density in
photons, radiation (including neutrinos and DR), and
non-relativistic matter, respectively, all in units of the
critical density of the Universe. We observe that the
DAO scale depends most strongly on the ratio ⇠

2
/
p
fint

and that the details of the interacting DM microphysics
only enter through a logarithmic dependence on aD. The
scale factor at the epoch of dark decoupling can be es-
timated from the criterion nADMxD�T,D ' H, since
Thomson scattering is the dominant mechanism respon-
sible for the opacity of the dark plasma. Here, H is the
Hubble parameter. We outline the computation of aD in
terms of the dark parameters in Appendix A. Deep into
the matter-dominated era, aD is approximately given by

aD '
✓

1

⌦mh
2

◆1/3

(✏D⇠⌃DAO)
2/3 (aD � aeq), (8)

while in the radiation-dominated era, it takes the form

aD '
✓

1

⌦rh
2

◆1/2

(✏D⇠⌃DAO) (aD ⌧ aeq), (9)

10-5 10-4 0.001 0.01 0.1
1

2

5

10

20

50

100

200

SDAO

r D
A
O
@h-

1 M
pc
D

fint=100%
fint=50%
fint=20%
fint=5%

10-5 10-4 0.001 0.01 0.1

1

2

5

10

20

50

100

200

SDAO

r D
A
O
@h-

1 M
pc
D

x=0.2
x=0.3
x=0.4
x=0.5

FIG. 1: Comoving DAO scale as a function of the parameter
⌃DAO for strongly-coupled atomic DM models (↵D > 0.025).
In the upper panel, we fix ⇠ = 0.5 and vary the fraction of
interacting DM. In the lower panel, we fix fint = 5% and let
⇠ vary. Here, take H0 = 69.57 km/s/Mpc, ⌦m = 0.3048,
⌦DMh

2 = 0.1198, and three massless neutrinos (N⌫ = 3.046).

where aeq is the scale factor at radiation-matter equality,
⌦m and ⌦r are respectively the energy density in mat-
ter and radiation in units of the critical density of the
Universe, ✏D is a fitting constant (see Appendix A), and
where

⌃DAO ⌘ ↵D

✓
BD

eV

◆�1 ⇣
mD

GeV

⌘�1/6
. (10)

We observe that the scale factor at the epoch of dark
decoupling (and, consequently, rDAO) is largely deter-
mined by ⌃DAO. This quantity is directly proportional
to the scattering rate between DR and interacting DM.
Its non-trivial dependence on the dark parameters ↵D,
BD, and mD is caused by xD which itself depends on
these dark parameters (see Appendix A). To give a sense
of scale, we note that for regular baryonic hydrogen we
have ⌃BAO ' 5.4⇥ 10�4. We emphasize that, while the
definition given in Eq. (10) is very specific to the atomic
DM model considered, ⌃DAO is a simple proxy for the
cross section between DM and DR at the epoch of kine-
matic decoupling (�DM�DR(aD)) over the DM mass. Ex-
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Cyr-Racine et al. (2013)
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Sensitivity of Planck data to DM-DR interaction

Cyr-Racine et al. (2013), see also Archidiacono et al. (2019)
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Prospects for DM-DR interaction with CMB-S4

CMB-S4 Science Book
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Conclusions
• DM-DR collisions at early times leave distinct imprints on the 

primary CMB and through CMB lensing. 

• CMB already constraints fint < 5% for DM-DR interaction of SM 
electromagnetic strength.

• Future constraints on DM-DR interaction will be lensing
dominated.

• CMB-S4 is likely to push the allowed fraction to sub-percent 
level, or to an actual detection. 

Thank you!


